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fast oscillations in the local field potential (40-100 Hz gamma,
100-200 Hz sharp-wave ripples) single cortical neurons typically fire
irregularly at rates that are much lower than the oscillation frequency.
Recent computational studies have provided a mathematical descrip-
tion of such fast oscillations, using the leaky integrate-and-fire (LIF)
neuron model. Here, we extend this theoretical framework to popu-
lations of more realistic Hodgkin—Huxley-type conductance-based
neurons. In a noisy network of GABAergic neurons that are connected
randomly and sparsely by chemical synapses, coherent oscillations
emerge with a frequency that depends sensitively on the single cell’s
membrane dynamics. The population frequency can be predicted
analytically from the synaptic time constants and the preferred phase
of discharge during the oscillatory cycle of a single cell subjected to
noisy sinusoidal input. The latter depends significantly on the single
cell’s membrane properties and can be understood in the context of
the simplified exponential integrate-and-fire (EIF) neuron. We find
that 200-Hz oscillations can be generated, provided the effective input
conductance of single cells is large, so that the single neuron’s phase
shift is sufficiently small. In a two-population network of excitatory
pyramidal cells and inhibitory neurons, recurrent excitation can either
decrease or increase the population rhythmic frequency, depending on
whether in a neuron the excitatory synaptic current follows or pre-
cedes the inhibitory synaptic current in an oscillatory cycle. Detailed
single-cell properties have a substantial impact on population oscil-
lations, even though rhythmicity does not originate from pacemaker
neurons and is an emergent network phenomenon.

INTRODUCTION

Spike trains of cortical neurons are usually very irregular
and close to a Poisson process, even when the local field
potential recordings exhibit coherent fast oscillations such as
gamma oscillations (40—80 Hz) (Destexhe et al. 1999; Fries et
al. 2001b; Pesaran et al. 2002) and sharp-wave ripples (100—-200
Hz) (Buzsaki et al. 1992; Csicsvari et al. 1998, 1999a). In such
oscillatory episodes, single-cell discharge rates are typically
much lower than the oscillation frequency of the field potential.

Theoretical studies have demonstrated that such population
rhythms appear in randomly connected networks of leaky
integrate-and-fire (LIF) neurons, when the synaptic inhibitory
feedback is strong and noise is sufficiently large (Brunel 2000;
Brunel and Hakim 1999; Brunel and Wang 2003). Brunel and

Wang (2003) showed how the population rhythmic frequency
of networks of inhibitory LIF neurons depends on the time
constants of the recurrent synaptic currents. With physiologi-
cally reasonable time constants, the population frequency is
>100 Hz and can be as high as 300 Hz, whereas single cells
fire irregularly and at a much lower rate than the population
frequency. It was then shown that in a two-population network
of inhibitory and excitatory LIF neurons the population fre-
quency depends both on the time constants of excitatory and
inhibitory currents and on the relative strength of recurrent
excitation and inhibition: the population frequency is decreased
by the synaptic excitation. In the absence of recurrent excita-
tion among pyramidal cells the population can oscillate at 200
Hz (as observed in the CA1 area of the rat hippocampus); if the
recurrent excitation is sufficiently strong, the network fre-
quency is decreased to 100 Hz.

In a network of LIF neurons, the frequency of coherent
oscillations is essentially independent of the intrinsic single-
cell properties because the spiking response of an LIF model to
sinusoidal input in the presence of temporally correlated noise
depends only weakly on the input oscillation frequency (Brunel
et al. 2001). In particular, the phase shift of the instantaneous
firing rate with respect to the periodic input is very small at any
input frequency. Thus through the static current—frequency
relationship, single-cell properties affect the degree of synchro-
nization of the network but not the frequency of the network
oscillation.

In this paper, we examine the generality of this conclusion
and show that this no longer holds true for Hodgkin—Huxley-
type conductance-based neurons. The LIF neuron integrates
the synaptic inputs linearly until the membrane potential
reaches a threshold and a spike is triggered instantaneously.
This rigid threshold behavior of LIF neurons is only a rough
approximation for the actual spike-generating mechanism.
Real neurons do not have a unique spiking threshold (Azouz
and Gray 2000). Even if one defines a spike threshold empir-
ically, subthreshold membrane dynamics is highly nonlinear,
unlike that in the LIF model. Furthermore, after crossing the
threshold the depolarization takes about 0.2-1.5 ms to reach
the voltage maximum (Buhl et al. 1994; Connors et al. 1982;
Lacaille and Williams 1990; Nowak et al. 2003; Zhang and
McBain 1995), in contrast to the LIF model that has no spike
time to peak. The precise shape of the action potential is
determined by the detailed kinetic properties of the spike-
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generating sodium and potassium currents (Lien et al. 2002;
Martina and Jonas 1997; Martina et al. 1998). These biophys-
ical properties of action potential generation give rise to strong
frequency modulation of the single neuron responsiveness to a
noisy sinusoidal input (see below and Fourcaud-Trocmé et al.
2003). Consequently, for the conductance-based models, sin-
gle-neuron properties can be expected to play an important role
in determining the frequency of network-generated fast coher-
ent oscillations. The purpose of the present paper is to under-
stand how single-neuron properties affect collective oscilla-
tions in the strong noise regime.

METHODS
Model neurons

INTERNEURON. Unless stated otherwise, the interneuron model used
in the simulations is a conductance-based model that is slightly
modified from Wang and Buzsdki (1996). It is a one-compartment
model with a total surface area of 0.02 mm?. The current balance
equation obeys

C,dVidt = — I} =Iy, — Ix = Ly, + I )

The capacitance of the membrane is C,, = 0.2 nF. The leak current
I, = g,(V — V,) has the conductance g, = 0.02 uS and reversal
potential V, = —67 mV. [, is the synaptic input current and I, is
an external applied current. The spike-generating ion currents I, =
gnamah(V — Vi) and I = gen*(V — Vi) are of the Hodgkin—
Huxley type (Hodgkin and Huxley 1952). The voltage-dependent
gating variables & and n are time dependent dx/dr = ¢, [a (V)(1 —
x) — B,(V)x] with x = {h, n}, the voltage is measured in mV, and the
rate functions o (V) and B,(V) are inms™'; a;, = 0.07 exp[—0.05(V +
58)1, B, = 1.0/{exp[—0.1(V + 28)] + 1} and (V) = —0.01(V +
34)/{exp[—0.1(V + 34)] — 1}, B,(V) = 0.125 exp[—0.0125(V +
44)]. The activation variable m is assumed to be fast and is substituted
by its steady state m, = a,/(a,, + B,); a,,(V) = —0.1(V +
35)/{exp[—0.1(V + 35)] — 1} and B,,(V) = 4 exp[—(V + 60)/18].
The maximal conductances are gy, = 14 uS and g = 1.8 uS. The
reversal potentials are Vy, = 55 mV and Vg = —90 mV. The

temperature factors are ¢, = ¢, = 5.

INTERNEURON WITH A-TYPE CURRENT. In hippocampal interneu-
rons a large variety of ion channels have been found including A-type
potassium currents that are activated at subthreshold voltage (Erisir et
al. 1999; Lien et al. 2002; Martina et al. 1998). This finding has
motivated investigations of a neuronal model containing an A-type
potassium current. It is a one-compartment model with a total surface
area of 0.02 mm?. The current balance equation obeys

C,dvidt = —I,—Iy, — Ix — I,— L, T 1y 2)

syn

The capacitance of the membrane is C,, = 0.2 nF. The dynamics of
the leak current /, and the spike generating currents I, and /i are the
same as those given for the interneuron except «, = 0.07
exp[—0.05(V + 48)], B, = 1.0/{exp[—0.1(V + 18)] + 1} and
a, (V) = —0.01(V + 45.7)/{exp[—0.1(V + 45.7)] — 1}, B,(V) =
0.125 exp(—0.0125(V + 55.7)), «, (V) = —0.1(V + 29.7)/
{exp[—0.1(V + 29.7)] — 1} and B,(V) = 4 exp[—(V + 54.7)/18].
The maximal conductances are g, = 0.06 uS, gy, = 24 uS and gx =
4 uS. The reversal potentials are V, = —17 mV, V, = 55 mV, and
Vk = —72 mV. The temperature factors are ¢, = ¢, = 3.8. The
kinetics of the A-type potassium current I, = g,AZB(V — V,) is the
same as described in Connor et al. (1977), with dB/dt = (B., — B)/Tg,
where A, = 0.0761{exp[(V + 94.22)/31.84]/{1 + exp[V + 1.17)/
28931, B, = 1/{1 + expl(V + 53.3)/14.54]}*, 7, = 1.24 +
2.678/{1 + exp[(V + 50)/16.027]}. The maximal conductance is
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g4 = 9.54 uS and the reversal potential is V, = —75 mV. The
steady-state value of the conductance g,A2B.. is nonzero over a large
voltage range and the current /, contributes a significant outward
current above its reversal potential. The high reversal potential of the
leak current V, = —17 mV is chosen such that the resting potential of
the model neuron is —68 mV.

PYRAMIDAL CELL. In contrast with fast-spiking interneurons, pyra-

midal cells are characterized by pronounced spike-frequency adapta-

tion. A two compartment model with a total surface area of 0.05 mm?

(the surface area for soma and dendrite is 0.025 mm? each) accounts

for adaptation properties of pyramidal cells (Wang 1998). The voltage

balance equations for the soma and dendrites are, respectively
C,dVydt = — [—Iy, — Ix = @/p)(V,= V) = Ly, + Loy

syn

C,dVdt = — I,—Ic, — L — [g/(1 — p)I(V,= V) 3)
The capacitance of the membrane is C,, = 0.25 nF. The dynamics of
the leak current /, and the spike generating currents I, and /i are the
same as those given for the interneuron except «, = 0.07
exp[—0.1(V + 50)], B, = 1.0/{exp[—0.1(V + 20)] + 1} and «,,,(V) =
—0.1(V + 33)/{exp[—0.1(V + 33)] — 1} and B,(V) = 4 exp[—(V +
58)/12]. The maximal conductances are g, = 0.025 S, gn, = 11.25
uS and g = 4.5 uS. The reversal potentials are V, = —65 mV,
Vaa = 55 mV and Vi = —80 mV. The temperature factors are ¢, =
¢, = 4. The high-threshold calcium current in the dendrite
I, = geani(V — Ve,), where m is assumed fast and is replaced by
its steady state m,, = 1/{1 + exp[—(V + 20)/9]}. The maximal
conductances are g, = 0.25 uS and the reversal potential is V., =
120 mV. The voltage-dependent, calcium-activated potassium current
Le = ganplCa® 1/([Ca®™] + K,)(V — Vi) with K, = 30 uM. The
intracellular calcium follows [Ca* " |/dt = —al., —[Ca®>" ]/, Where
a =4 uM/(ms - pA) and 7, = 80 ms. The maximal conductance

gamp = 1.25 uS.

EXPONENTIAL INTEGRATE-AND-FIRE MODEL. Fourcaud-Trocmé et
al. (2003) recently showed that a simplified model, the exponential
integrate-and-fire (EIF) model, can accurately reproduce the dynamics
of the Wang and Buzsaki (1996) model. The advantage of this model
is that its response to oscillatory input at high frequencies can be
computed analytically (Fourcaud-Trocmé et al. 2003). The dynamics
of the model is described by

C,dVidt = — g [V—V, — AV VA1) 4

syn

e “

where C,, = 0.2 nF, the leak conductance g, = 0.02 uS, the resting
potential V;, = —67 mV and I, is the synaptic current and /I, is an
external applied current. The exponential term represents a simplified
“fast sodium current” responsible for spike initiation. The parameters
of this current are chosen so that its firing rate—current relationship is
identical to that of the conductance-based interneuron model (Wang
and Buzsdki 1996) for currents close to the current threshold. This
gives V,, = —62.45 mV and A, = 3.48 mV. The reset potential
V. eser = —70.2 mV and the refractory period of 1.4 ms are chosen so

that the firing rate—current relationship also matches closely for large
input currents.

Single-cell studies

INPUT CURRENT. Firing rate responses of single cells are computed
following Brunel et al. (2001). A conductance-based single neuron
receives an input current /(¢), which mimics the synaptic plus external
input [/,,,,(t) + I, (®)]. The current /() = I, + I, cos 2mft) + I,

syn oise’
such that the current /(¢) oscillates around a mean /, with frequency f
and amplitude /,. The noise current is modeled as low-pass-filtered

Gaussian white noise df,, ;. /dt=[n(t) — I, )/T, where n(7) is a

noise’ 10ise. noise

Gaussian white-noise random variable with zero mean and SD o,

noise’

chosen so that the SD of the subthreshold membrane potential is o, =
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5 mV, which is comparable with physiological data (Destexhe and
Paré 1999). The time constant 7,,,,, = 0—40 ms. This noisy input
yields a highly irregular single neuron spike train, in all cases
investigated in this paper. The instantaneous firing rate of the neuron
(instantaneous probability of emitting a spike per unit time) is aver-
aged over 3,000 trials and the function r(t) = r, + r,(f) cos 27 ft +
b..u(f)] is fitted to it using a least-square fit, where r,, is the mean
firing rate, r,(f) is the amplitude of the modulation, fis the frequency
of the input current, and ¢,,(f) is the phase shift between the input
current and the output firing rate. The mean (/) and amplitude (/) of
the input current are chosen so that r,(f)/r, = 0.9 at f = 1 Hz. The
length of each trial (2 s) allows a fit over at least two periods of the
oscillatory input. With I, and /, fixed, the normalized amplitude
r(f)/[r,(f = 1 Hz)] and the phase shift ¢, (f) of the instantaneous
firing rate are computed for different frequencies f.

EFFECTIVE MEMBRANE TIME CONSTANT. Synaptic input modulates
the membrane conductance and therefore the membrane time con-
stant. The membrane time constant determines how fast the membrane
can integrate synaptic input, and it can be used as a measure to
characterize the membrane dynamics. The effective membrane time
constant is defined as the inverse of the total conductance of the cell
T ei®) = Cllg + gion) + &), where g,,, is the total
conductance including all ionic currents and g,,,, is the sum over all
synaptic conductances. In the noise-dominated regime, when the
oscillation amplitude of the conductance is small, we approximate the
effective membrane time constant by its time average. We exclude the
spikes by excluding the conductances of the spike-generating sodium
and potassium currents, which contribute to the total conductance
significantly only during the spike and are small otherwise compared
to the synaptic conductance

Toegp = Cull 8L + Gion T gD )

where g;,,, is the sum of all ionic conductances excluding the spike-
generating sodium and potassium conductances and ( - ), denotes the
time average. In the case of single-cell simulations where we add a
shunting conductance to mimic synaptic input, the effective mem-
brane time constant for the conductance-based interneuron used here
is simply

Tim-eff = C,/ (gL + gxlmnr) )
Network simulations

NETWORK ARCHITECTURE. Network simulations are carried out
with either one population of N, = 1,000 interneurons, or two
populations of N, = 1,000 interneurons and N, = 4,000 pyramidal
cells. The architecture of the network is that of a sparsely and
randomly directed graph: for each neuron pair, the connection prob-
ability is 10% in either direction, except in Fig. 7 where the connec-
tivity is 5%. Thus on average, with a connectivity of p = 10% a given
cell receives M,. = pN, = 100 inhibitory synapses, and (in a two-
population network) M, = pN, = 400 excitatory synapses.

SYNAPTIC CURRENTS. The synaptic currents are described by I,,,, =
8onSO(V — V), where g, is the synaptic conductance, s(?) is the
fraction of open channels at time ¢, and V,,, is the reversal potential.
The time course of s(7) is faster for a-amino-3-hydroxy-5-methyl-4-
isoxazolepropionic acid (AMPA)-mediated excitation than for
GABAergic inhibition and can be characterized by the three time

constants: synaptic latency (), rise time (7,), and decay time (7,)

S(t) _ exp[ _ (t ; T/)] _ exp[ _ U] fort> 7 7)

Tf

where the time t = 0 corresponds to the voltage maximum of the
presynaptic spike. The peak conductance is given by g, = g,,,(7/
7)™~ ™(1—1/7,). The synaptic conductances are chosen such that

C. GEISLER, N. BRUNEL, AND X.-J. WANG

the postsynaptic potential has an amplitude of 1 mV at a holding
potential of —60 mV for pyramidal cells and —63 mV for interneu-
rons just below threshold (Buhl et al. 1997; Markram et al. 1997;
Tamas et al. 1997, 1998; Vida et al. 1998) and such that the ratio of
the peak conductance ggapa,/8ampa =~ 7.5 (Bartos et al. 2001, 2002;
Gupta et al. 2000; Markram et al. 1997). The time constants for
AMPA are 1,, = 1.5 ms, 7, = 0.5 ms, and 7,, = 2 ms (Angulo et
al. 1999; Zhou and Hablitz 1998). For y-aminobutyric acid type A
(GABA ) they are 7,; = 0.5 ms, 7,, = 0.5 ms and 7,4, = 5 ms (Bartos
et al. 2001; Gupta et al. 2000; Kraushaar and Jonas 2000; Xiang et al.
1998). The reversal potential of AMPA is V ,,, xmpa = 0 mV and of
GABA, V,,,capa, = —75 mV. The peak conductances are
8ampa—p = 1.3 1S, goapa—p = 8.75 1S, goppa—r = 0.93 1S, and

g6 aBa—1 = 0.2 1S.

EXTERNAL INPUTS. Each neuron receives external synaptic input,
modeled as a high-frequency Poisson spike train with a rate A. The
external input is mediated by AMPA synapses with conductances of
15.8 nS in pyramidal cells and 1.5 nS in interneurons. In Fig. 10 we
used additional external inhibitory GABAergic input to interneurons
with a conductance of 8.8 nS.

THE INSTANTANEOUS FIRING RATE. The spike times from all neu-
rons are binned in a sliding window with A7 = 0.2 ms. The spike times
are taken at the voltage maximum. The instantaneous firing rate at
time 1, r(7), is then the number of spikes in the time window [z, # + Af],
divided by the number of neurons and by At.

MEASURE OF SYNCHRONY. To characterize the synchrony in the
network we compute the autocorrelation function of the instantaneous
population firing rate, normalized by the square of the average rate. In
all cases described herein, the autocorrelation function is well de-
scribed by a damped cosine function, with a narrow peak at the zero
time lag bin, which is ascribed to the finite size of the network. To
remove this finite size effect, we fit the autocorrelation function with
a damped cosine, excluding the zero time lag bin. The measure of
synchrony is the value of the damped cosine that best fits the data at
zero time lag. This measure quantifies how much spike trains of
different neurons are correlated.

Single spike train

SPECTRUM AND AUTOCORRELATION FUNCTION. To analyze the
rhythmicity of a single spike train during network oscillations we
calculate the power spectrum and autocorrelation function of one
single spike train and of the combined spikes of a group of cells
(Gabbiani and Koch 1998). The representative spike trains are se-
lected randomly from the neural population.

SPIKE-TRIGGERED AVERAGE (STA) OF GLOBAL ACTIVITY. The spike
triggered average is the cross-correlation between the spike train of a
single neuron and the global activity. The instantaneous firing rate of
a population during a 300-ms time window surrounding a spike (150
ms before and 150 ms after the spike time) is averaged over all spikes
of the spike train of a single neuron.

Numerical methods

All equations are computed using a scheme based on the Runge—
Kutta algorithm (fourth order for the network and second order for the
single cell simulations) to solve the coupled differential equations
(Press et al. 1992). Integration time step is Az = 0.02 ms.

RESULTS
Response of a single cell to noisy sinusoidal current

The transformation of the incoming synaptic inputs into an
output spike train by single neurons is classically described in
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terms of a current—frequency relationship. However, the pre-
diction of the collective response of a neuronal population to
time-varying inputs requires a more detailed characterization
of the firing properties of single cells. A standard procedure
when dealing with nonstationary inputs is to characterize
neurons by the linear firing rate response, i.e., the instanta-
neous firing rate response to noisy inputs with a weak sinusoi-
dal modulation at an arbitrary frequency f (see e.g. Brunel et al.
2001; Gerstner 2000; Knight 1972). The idea is that during a
network oscillation at frequency f, the combined external and
recurrent synaptic current in a neuron can be modeled as a
high-frequency inhomogeneous Poisson process, which is ap-
proximately described as

I1(1) = I, + I, cos (w1) + I, 8)

where [, is a constant mean current and /; is the amplitude of
the modulation at frequency f = w/27 (see METHODS). Fluctu-
ations arising from random arrival of spikes can be well
approximated by low-pass-filtered Gaussian white noise with a
time constant 7,,,;,, (corresponding to the synaptic decay time
constant). The neuron’s response to such a current can be
characterized by its instantaneous firing rate r(f), obtained by
an average of the response over many trials (Fig. 1A). The

instantaneous firing rate follows the current with a phase shift

d)cell( (1))

r(t) = ry + r(w) cos [wt + d.(w)] 9)

This linear approximation is valid for small enough 7, and, in
particular, for the values of 7, used in Fig. 1, A and B, as shown
in Fig. 2 for several representative frequencies. The amplitude
of the modulation r,(w) and the phase ¢,,,(w) depend on the
frequency f of the input current. We compute the normalized
amplitude r(w)/[r;,(f = 1 Hz)] and the phase ¢, (w) for
different values of the frequency f, whereas all other parame-
ters in the input current remain unchanged. Here, we use the
convention that a negative phase corresponds to a late firing in
the oscillatory cycle. In simulations, the mean current [, is
adjusted such that the mean firing rate is fixed (r, = 40 Hz), so
that the rate r, does not depend on the input frequencies f. The
amplitude 7, is chosen so that r,(f)/r, = 0.9 at f = 1 Hz input
frequency and r(¢) is always nonzero.

It has been shown for LIF neurons that the response of a
neuron to a noisy sinusoidal current strongly depends on the
time constant of the noise 7,,;,, (Brunel et al. 2001 and Fig.
1C). The phase lag decreases and the amplitude increases for
larger noise time constants. When the time constant 7, ;,, is
sufficiently large, the LIF model responds to sinusoidal input
superimposed on synaptically filtered noise with negligible
phase shift, independent of the input frequency. This salient
feature of the LIF model neuron is crucial for neurons to follow
fast transients and to enable a network of LIF inhibitory
neurons to generate very fast (up to 300 Hz) coherent oscilla-
tions (Brunel and Wang 2003; Brunel et al. 2001).

In sharp contrast to the LIF neuron, we found that a con-
ductance-based neuron responds to the noisy oscillating current
with a phase lag that depends very weakly on the time constant
of the noise (Fig. 1B). The phase and amplitude behave
essentially in the same way whether the input is Gaussian white
noise (7,,;,. = 0 ms) or filtered with a large time constant
(Tyoise = 40 ms) (Fig. 1B). When the input current varies
slowly so that f is well below the average firing rate r,, the
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FIG. 1. Firing properties of a single model neuron in response to a noisy

sinusoidal input current. A: response of a single cell to 100-Hz oscillations: noisy
sinusoidal current (the smooth curve is the deterministic part of the current)
occasionally induces spikes, as shown in the membrane potential V(¢) trace.
Instantaneous firing rate (f), averaged over 3,000 trials, oscillates at 100 Hz but is
phase shifted by ¢, [the smooth curve is the least-square fit to the function r(r) =
ro + 1y cos (ot + ¢,.,)]. Top: spike raster of 10 trials (time constant of the noise
IS T, = 5 ms, the average firing rate is 40 Hz, I, = 0.12 pA, and 7, = 0.175 pA).
B: phase and normalized amplitude of the trial-averaged firing rate, as a function
of input frequency for conductance-based neurons. Phase and normalized ampli-
tude depend only weakly on the time constant of the noise (7,,,,,.). Normalized
amplitude of the rate r (w)/r,(f = 1 Hz) (left) and the phase shift ¢, (right)
decrease with increasing frequency of the input current. C: phase and normalized
amplitude as a function of frequency for leaky integrate-and-fire (LIF) neurons.
Phase and normalized amplitude depend on the time constant of the noise (7,,;,,)-
When 7, is sufficiently large, the LIF model neurons respond to the noisy
sinusoidal input current without attenuation (leff) and without a phase lag (right).
Note that a negative phase corresponds to late firing during the oscillatory cycle.
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FIG. 2. Power spectrum of the averaged firing rate r(7) is clearly dominated

by a sharp peak at the input frequency f. Instantaneous firing rate of a neuron
responding to a noisy sinusoidal current with frequency f = 10, 50, 150, and
250 Hz, respectively, is averaged over 3,000 trials. Mean firing rate of the
neuron is 40 Hz. [, and /, are the same as in Fig. 1.

response of the cell follows the modulation without a phase lag
and the oscillation amplitude stays constant. For larger fre-
quencies f > r,, the firing rate lags behind the current with a
phase lag ¢, (w) and the amplitude of the modulation r,(w)
decreases. For example, at f = 100 Hz the instantaneous firing
rate r(f) lags behind the current by about ¢, = —90°, whereas
the averaged firing rate r, = 40 Hz is constant for all input
frequencies f (Fig. 1B). The neuron acts as a low-pass filter.

A more quantitative description of the phase shift ¢, (w)
can be achieved by fitting a function to the simulation data that
captures the important features of the response. We find that
the phase shift ¢, ., (w) as a function of the frequency of the
input current f = w/27 can be well described by a function of
the form (see Fig. 3A)

beon(®) = — 0T, — atan (0Tg,,) 10)

The first term on the right-hand side of Eq. 10 is a constant
delay arising from the finite spike time to peak (see Fig. 3B).
After the membrane potential has reached a certain depolar-
ization threshold (about —45 mV), the membrane dynamics is
dominated by the Na™ and K™ currents and is largely inde-
pendent of the fluctuations in the input current. Thus the shape
of the spike is independent of the inputs. The constant delay
Topike COTTESPONdS to the time to peak of the action potential,
that is, the time it takes from the point when the spike is
already well initiated to the voltage maximum where the spike
time is defined. The second term is related to the voltage
dynamics near spike initiation and below the depolarization
threshold. It can be well described by a linear filter with time
constant 7g,,,, and is best understood in the context of the
simplified EIF neuron (see below). In the example given in Fig.
3 we found that 7,,, = 0.24 ms and filter time constant
Tﬁ/ler = 4 ms.

How do these two time constants 75, and 7, depend on
the properties of the neuron? As already mentioned, 7,
depends exclusively on the interplay of the Hodgkin—Huxley
currents leading to spike generation, independently of the
inputs. On the other hand, 74, does depend on the synaptic
inputs. Our single-cell simulations allow us to identify two
crucial parameters that control 7,,,: the single-cell mean firing
rate and the input conductance.

MEAN FIRING RATE.  We computed the phase shift ¢, ,(w) as a
function of the input frequency f for different mean firing rates
ro- Different single-cell firing rates are achieved by adjusting

C. GEISLER, N. BRUNEL, AND X.-J. WANG

the mean input current /,,. Simulations show that the phase shift
depends substantially on the average firing rate of the single
cells (Fig. 4A). The filter time constant 7y, decreases with
increasing mean firing rate, whereas 7, ,;, is independent of r,
(Fig. 4B). The instantaneous firing rate follows the input
current with a smaller phase lag for larger average firing rates.

INPUT CONDUCTANCE. ~ Synaptic inputs as well as intrinsic cur-
rents that are active in the subthreshold voltage range introduce
changes in the input conductance of the neuron. If the fluctu-
ations in the conductance are small, the synaptic conductance
can be approximated by a constant term. Thus we introduce a
shunting term into the input current that mimics the total
synaptic conductance (external and recurrent) during network
activity. This allows us to vary the neuron’s input conductance
and, equivalently, the neuron’s effective membrane time con-
stant 7,,_. (see also Egq. 6)

I(2) = Io + I, cos (@) + Lpise™ Zotund V—V7) 1)

For different values of g, we adjust the SD of a,,,,,, so that
the fluctuations in the membrane potential are kept at about
oy = 5 mV. As shown in Fig. 4C the addition of a shunting
conductance g, leads to a reduction in the cellular phase lag
¢..;(w) in the firing response to a noisy sinusoidal input. The
time constant characterizing the spike time to peak 7,,;, is
unaffected by changes in g, and the changes in ¢, ,(w) are
attributed entirely to changes in 74, (Fig. 4D). A small
effective membrane time constant leads to a smaller phase lag
and allows the neuron to follow high-frequency inputs better.

The exponential integrate-and-fire neuron

Are the results presented in the previous section specific to
models with Hodgkin—Huxley mechanisms or can they be
obtained with a simpler integrate-and-fire—like model? The
exponential integrate-and-fire (EIF) model (see METHODS) was
recently introduced to incorporate the dynamics of spike initi-
ation in the LIF model (Fourcaud-Trocmé et al. 2003). In the
EIF model, the activation kinetics of the fast sodium current is
assumed instantaneous and the voltage-dependent activation
voltage dependency is assumed to be exponential (controlled
by the parameter A, Eg. 4). The EIF model does not include
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FIG. 3. Phase shift curve fitted by a simple delayed filter. A: single-cell
simulations (full squares) and the fitted function (solid curve). Function fitted
to the data is —360f7,,;, — (180/m) atan (27f75,,,), with 7,,;, = 0.24 ms and

sp
Tiner = 4.0 ms. Single-cell firing rate is 40 Hz; the synaptic time constant
T,ise = O Ms; SD of the noise is o,,,;,, = 5 mV. B: interpretation of fixed delay

Toie: SPike time to peak is the time from threshold to the maximum of the

spike*
spike. For the conductance-based interneuron (see METHODS) T,;, = 0.24 ms.
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